Two dimensional systems with U(1) symmetry exhibit a peculiar phase, i.e., the BerezinskiiKosterlitz-Thouless (BKT) phase. In particular situations, the BKT phase exists as an intermediate temperature phase. There have been scenarios for the phase transitions at the two endpoints of the intermediate BKT phase, i.e., the phase transition at the low-temperature endpoint is a BKT transition and that at the high-temperature endpoint is either a BKT transition or a first-order transition. The present study gives a novel scenario, i.e., a second-order transition with a new critical universality and a BKT transition. We found that this new phase transition is realized in spin-crossover systems on a triangular lattice with an antiferromagnetic short-range interaction.
I. INTRODUCTION
In two-dimensional (2D) systems with U(1) symmetry, the Berezinskii-KosterlitzThouless (BKT) transition 1,2 , driven by topological defects, appears, and it has been studied in many systems, such as superfluid helium films 3 , superconducting films 4 , two-dimensional melting [5] [6] [7] , trapped atomic gases 8 , surface roughening 9 , etc.
In particular situations, the BKT phase exists as an intermediate temperature phase.
There have been scenarios for the phase transitions of the two endpoints of the interme- found another scenario with a first-order phase transition at the high-temperature endpoint of the BKT phase (hexatic phase) and a BKT transition at the low-temperature endpoint 13 .
The nature of the ordering process of the triangular Ising antiferromagnet with nextnearest-neighbor ferromagnetic interactions (TIAFF) has been studied in the picture of case (I) [14] [15] [16] [17] [18] [19] [20] [21] . This model has six-fold degeneracy of the ground state and the six plaquette states + + −, − + −, · · · (instead of red and blue molecules, + and − are allocated in Fig. 1 (a) ) are mapped to six state clock modes. An intermediate BKT phase has been observed between ferrimagnetic and disordered phases, while the model without the next nearest neighbor interaction does not exhibit any phase transition at finite temperatures [22] [23] [24] .
Recently, as a new aspect of phase transition, we have studied the effect of elastic interactions in the context of the spin-crossover (SC) material, in which the high spin (HS) and low spin (LS) states are expressed by an Ising spin. This material has attracted much attention in their potential applications to photo memory devices, etc. by making use of the nature of photoinduced phase transitions [25] [26] [27] [28] [29] [30] [31] [32] [33] Taking into account the molecular size difference between HS and LS molecules and the lattice deformation due to the difference, we have found that the elastic interaction plays an essential role in ordering process [34] [35] [36] [37] : the elastic interaction is relevant and its effective longrange nature is important in the ferromagnetic-like ordering [35] [36] [37] , where volume fluctuation exists, while it is irrelevant in the antiferromagnetic-like ordering 37 , in which two ordered states have the same volume.
Here we study the effect of the elastic interaction on the TIAFF model, which is a prototype modeling for triangular SC materials with frustration. In this work we present a new scenario of criticality for the endpoints of the BKT phase: a second-order transition with a new universality class at the low-temperature endpoint and a BKT transition at the high-temperature endpoint. We show that this novel phenomenon is induced by the synergetic effect of frustration and the elastic interaction, which we find equivalent to an effective long-range ferromagnetic interaction.
The rest of the paper is organized as follows. In Sec. II the SC model including the elastic interaction is presented and the method to analyze the critical properties is given. In Sec. III we study the ground-state properties of the model. In Sec. IV we show novel critical properties of the intermediate temperature BKT phase due to the elastic effect. In Sec. V we show that the elastic interaction is expressed by an infinite long-range interaction and this long-range interaction affects the criticality at the low-temperature end point. Section VI is devoted to the analyses of the critical exponents at the low-temperature end point. In
Sec. VII we give a summary.
II. MODEL AND METHOD
We adopt the following Hamiltonian in the triangular lattice, which consists of the shortrange interactions (TIAFF model) H I and elastic interactions H el : where
and
Here r i,j = | x i − x j | is the distance between the ith and jth molecules, where x i denotes the position of the ith molecule. Each molecule i has the LS state, denoted by the pseudo spin In the SC system, the energy difference of the HS and LS states, denoted by D, and the ratio of degeneracy g give an effective field 26 but here we focus on the critical phenomena along the coexistence line and set the field to be zero. Here we adopt the parameters as
As long as the ratio R H /R L is not far from 1, the system has 6-fold degenerate ferrimagnetic-like ground states (Z 6 symmetry) (see Figs. 1 (a)-(c) and Sec. III). Here the six states are characterized by three sublattice states (three sublattices are called sublattice A, B, and C) as in Fig. 1 (a) . We find a characteristic of volume difference between three HS-rich and three LS-rich states. If the ratio R H /R L = 1, the elastic interaction term (3) does not contribute to the ordering processes in this study, and we have confirmed that the model shows the same critical phenomena as the TIAFF model (2) (not shown).
To observe the ordering process of the model, we introduce a vector which quantifies the three-sublattice states shown in Fig. 1 (a) :
at the mth triangular plaquette. The vectors at the plaquettes align in one of six direction in the ground state and the model can be regarded as a six-state clock model. Now we introduce an order parameter which characterizes the degree of the order as
Here N p is the number of the triangular plaquettes (
where N is the number of molecules and L is the linear dimension of the system. We also observe the
which relates to the HS fraction and represents volume fluctuation.
In the present work, we applied a Monte Carlo method to obtain physical quantities with N P T (isothermal-isobaric) ensemble, in which the pressure is set to P = 0 with periodic boundary conditions 37 .
III. SIX-FOLD DEGENERACY OF THE GROUND STATE
We obtained the ferrimagnetic-like configurations of HS and LS molecules as shown in
Figs. 1 (b) and (c) at low temperatures in the simulations of the elastic model (1). There is three fold degeneracy between the states for the group A: θ = π/3, θ = π, and θ = 5π/3
( Fig. 1 (a) ) and also between the states for the group B: θ = 0, θ = 2π/3, and θ = 4π/3.
First, we examine the ground-state energy of the elastic model (1) 
where R A , R B , and R C are the radii of the molecules of sublattices A, B, and C, respectively, and r AB denotes the distance between the center of the molecule of sublattice A and that of sublattice B, and r BC and r CA are defined in the same manner. It should be noted that when the ratio R H /R L is extremely large, the ground state is the complete HS or LS state (uniform configuration), which we do not treat in this study.
In the ground state, the unit triangle has LS, HS, and HS molecules in group A and HS, LS, and LS molecules in group B. As we see in Fig. 1 (b) and (c), the configurations have C 6 symmetry concerning the LS and HS molecules, respectively, and the triangle of the unit cell is an equilateral triangle in both cases. We define 2x = r AB (= r BC = r CA ) as the length of a side of the triangle.
In group A, the radii of the molecules are R L , R H , and R H and the energy is given by
Thus the minimum energy is δ. On the other hand, in group B, the radii of the molecules are R H , R L , and R L and the energy is given by
where the minimum energy is
δ. Thus we find the same minimum
In each case the equilibrium of the six forces acting on each molecule is easily confirmed.
Next we study the ground state entropy of the elastic Hamiltonian for groups A and B in the harmonic approximation of the deviations from the ground state configuration. The elastic Hamiltonian H el is expressed as
where
, and the matrix A is a 2N × 2N matrix which gives 2nd-order expansion coefficients.
Since the partition function for the Hamiltonian at β =
the free energy is given by
Thus the entropy is
Making use of the periodicity of the lattice, we estimated S in the k space, where the sum runs over the first Brillouin zone. Applying Fourier transformation for each sublattice 38 , we have a 6×6 matrix for A( k). We computed numerically the entropies of groups A and B (S A and S B ) and found that S B is larger than S A . Thus the ground state entropy depends on the configuration of group A or B. In the present work, however, we performed simulations of the elastic model, decreasing the temperature slowly to obtain the ferrimagnetic-like ordered state, and we observed almost equal frequency for configurations of A and B. This indicates that at the finite temperatures, all the six states are nearly degenerate. Here the system does not choose the B type ferrimagnetic-like state by the order by disorder mechanism.
The dependence of the frequency for configurations A and B on the cooling procedure will be reported elsewhere. In Secs V and VI, we also find that the infinite-range model (16) , in which the six states are definitely degenerate, exhibits the same type critical behavior.
Thus we concluded that the six states of the elastic model can be regarded to be degenerate at the lower critical point (T c2 ). Moreover, the coincidence of the critical behavior in both models indicates a new universal criticality, as we show in the following sections.
IV. EFFECT OF THE ELASTIC INTERACTION ON THE BKT PHASE
A. Intermediate temperature BKT phase
As mentioned in the introduction, the TIAFF model shows dual BKT transitions, and there exists an intermediate BKT phase (T c2 ≤ T ≤ T c1 ) between the ferrimagnetic and paramagnetic phases. The spin correlation function decays in a power law with temperature-
In the Monte Carlo simulation, η is estimated from the following quantity,
where L and L denote the linear dimension of the lattice and X is the thermal average of X. This quantity gives a crossing point which indicates the critical temperature, and the value at this point gives 2 − η.
We give a(L, L ) for the TIAFF model (2) Next we study the effect of the elastic interaction by setting R H /R L > 1. Here we adopt R H /R L = 1.03 as a representative of the weak elastic interaction. It should be noted that we found that the strong elastic interaction, e.g., R H /R L ∼ 1.1, causes a first-order phase transition between the disordered and ferrimagnetic-like phases and the BKT phase does not appear. We depict a(L, L ) in Fig. 2 (b) . Here we used 1,000,000∼2,000,000 MCS for the equilibration and the following 1,000,000∼8,000,000 MCS for observation. An overlap of a(L, L ) is found between T 0.120 and T 0.140 in Fig. 2 (b) , and the overlap is clear in larger system sizes as shown in the inset of Fig. 2 (b) . Thus, we conclude that a part of BKT phase remains. In contrast to the case R H /R L = 1, however, the overlap terminates before η(T ) reaches 1/9.
In Fig. 2 (c) , we also plot the Binder cumulant of the order parameter M , Here U 4 (M ) for different sizes also overlap in the same temperature region as a(L, L ). This observation supports the existence of the BKT phase.
It should be noted that, because of the nature of the BKT phase transition, precise determination of the termination point is difficult from Figs. 2 (b) and (c), and also from M 2 /N 2 p vs T curves (see Fig. 2 (d) ). 
B. Uniform Magnetization
In the low-temperature phase, the ferrimagnetic-like state is realized, and the uniform magnetization m appears ( Fig. 2 (d) ). We make use of this fact, and then determine the critical point from the Binder plot of m ( Fig. 3 (a) give the Binder plot of the TIAFF model (2) in Fig. 3 (b) . We find a single crossing, but U 4 (m) 0.46 at T c2 , which is different from that in Fig. 3 (a) . We confirmed that the value at a single crossing U 4 (m) 0.46 for the case R H /R L = 1. The difference of U 4 (m) indicates that the elastic interaction (R H /R L = 1) causes a qualitative change of the nature of the phase transition at T c2 .
Now we are interested in the critical behavior of m. In Fig. 3 (a) , we found that U 4 (m)
at the crossing point is close to that of the ferromagnetic mean-field (MF) model. The appearance of the spontaneous magnetization of the MF theory is given by m ∼ |T − T c | β with β = 1/2. However, in Fig. 2 (d) , we find m 2 shows a convex shape, but not a linear shape for the case β = 1/2. This means that critical exponent β > 1/2. This fact indicates that the critical nature in the present case is not explained by the MF theory to simple ferromagnetic systems, and presents a new type of criticality (see Sec. VI).
V. LONG-RANGE NATURE OF THE ELASTIC INTERACTION
We consider that some long-range nature of the elastic interaction is a key for the realization of this criticality. To clarify this point, we study the following long-range interaction model (LRI model):
Here the sum in Eq. (17) runs over all the pairs. We set J inf = 0.042 (ferromagnetic) to adjust the critical temperature (T c2 ) close to T 0.12. We depict U 4 (m) in Fig. 4 (a) for the LRI model (16), where we find surprisingly a very similar temperature dependence to that in Fig. 3 (a) .
In Fig. 4 (b) we plot a(L, L ) of this model, which is also very similar to that of the elastic model (1) . The temperature dependence of m 2 for L = 72 is also plotted (red crosses). It shows an excellent agreement with that obtained in Fig. 2 
(d) (black triangles).
Furthermore, we find that the two models have the same critical exponents as we show in the next section. Thus, we conclude that this LRI model (16) is an effective model for the elastic model (1), and that the elastic interaction plays a role of the ferromagnetic infinite-range interaction. This fact indicates that the competition between the short-range frustrated antiferromagnetic interaction and the long-range ferromagnetic interaction is the key mechanism for the present new critical behavior.
VI. CRITICAL EXPONENTS AT THE LOW-TEMPERATURE END POINT
A. Critical exponents for the elastic model
Here we estimate the critical exponents ν, η, β and γ for the order parameter m in the elastic model (1) . The Binder parameter has a relation between m, t, L, and ν, given by where t ≡
and Ψ is a scaling function. We plot U 4 (m) vs. tL 1/ν in Fig. 5 (a) with ν = 1.8. From a clear crossing of U 4 (m) in Fig. 3 (a) , we estimated T c2 = 0.12. We find that the data collapse well onto a single curve, and ν 1.8 is justified.
Next, we estimate a(L, L ) for the order parameter m. We apply Eq. (14) with the replacement of M with m. We give a(L, L ) as a function of T in Fig. 5 (b) . We estimate a(L, L ) 0.85 at the crossing point (T c2 ). Thus we have η 1.15.
In order to check whether the estimated values for ν and η are valid, we also plot log(L 
where f is a scaling function. We find that the data collapse well onto a single curve, and
we conclude that the values of ν and η are valid.
Using the hyperscaling relation for d = 2, we have We find that the value of β is about 1 and larger than 1/2. Because 
as a function of t with several system sizes L in Fig. 5 (d) . We also give a solid line for 
B. Critical exponents for the long-range interaction model
Next we perform the same analyses in Figs 6 (a)-(d) for the critical exponents for m in the long-range interaction model (16) . Here we find excellent agreements for the scaling properties between the two models, and we have a conclusion that these two models are equivalent with respect to the criticality at T c2 .
To investigate the difference of the critical properties between the TIAFF model (2) and the equivalent two models (the elastic model and the LRI model), we study the critical exponents for the TIAFF model (2) in the same way. We depict U 4 (m) vs. tL 1/ν in Fig. 7 (a) with ν = 3.0. From a clear crossing of U 4 (m) in Fig. 3 (b) , we estimate T c2 = 0.088. The data collapse well onto a single curve. Next we show a(L, L ) for m as a function of T in Fig. 7 (b) . At the crossing point (T c2 ), we find a(L, L ) 1.22 and thus η 0.78. Making use of the exponents ν = 3.0 and η = 0.78, we plot log(L η m 2 N 2 ) vs tL 1/ν in Fig. 7 (c) . However, the data do not collapse onto a single curve. We consider that this inconsistency in the scaling properties is related to the specialty of the BKT point although the relation between 
VII. SUMMARY
In summary, we discovered a new type of critical phenomena in the ordering process of the SC model in the triangular lattice with the elastic interaction. When the elastic interaction is relatively weak, the effect of the elastic interaction changes the critical property at the low-temperature endpoint of the BKT phase, where a new class of critical phenomena of the uniform magnetization is realized. We found that the elastic interaction and the ferromagnetic infinite-range interaction are equivalent for the TIAFF model (2) in the region of relatively weak elastic coupling, and thus the same ordering process appears in the model (16) . If the elastic interaction is relatively strong, the SC model shows a first-order 
